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Interactions of Coupled Acoustic and Vortical Instability

T. J. Chung* and J. L. Sohnt
University of Alabama, Huntsville, Alabama

Unstable waves may occur as a result of acoustic and/or vortical (hydrodynamic) oscillations. If these two dif-
ferent types of waves are coupled together, their physical interactions lead to extremely complicated phenomena.
Theoretically, there exists an infinite number of frequencies for both acoustic and hydrodynamic oscillations.
Realistically, however, only a limited number of combined frequencies are excited. Our objective is, then, to
determine the combined nature of acoustic and hydrodynamic frequencies at which instabilities may arise. This
subject is important in rocket motor chambers when the vortical field is coupled with acoustic pressure oscilla-
tions. In the past, the acoustic combustion instability was studied independently of the hydrodynamic instability
induced by vortex motions. This paper is intended to combine the two different sources of energy everywhere
within the spatial domain and determine the effect of one upon the other. This can be achieved by calculating the
mean flow velocities and vorticities and their fluctuating parts of velocities and vortices, as well as the fluc-
tuating pressure. To elucidate this coupling mechanism, however, a very simple model is first introduced. The
Orr-Sommerfeld equation is utilized to determine the wavenumbers and unsteady stream functions from which
vertically coupled acoustic instability growth constants are calculated. This process demonstrates that there are
two different frequencies, acoustic and hydrodynamic, various combinations of which contribute to either
damping or amplification. Finally, the limitation of the Orr-Sommerfeld equation is removed by numerical solu-
tion of the perturbed vorticity transport equation using finite elements. It is found that stability boundaries for
coupled acoustic and vortical oscillations are somewhat similar to the classical hydrodynamic stability bound-
aries, but they occur in the form of multiple islands.

Nomenclature
A = admittance at the burning surface, = A(R) + iA(/)

a = sonic velocity (yPQ/pQ)
c - phase velocity (real part), growth constant (imaginary

part), =c(R) +/c(/)

cp = specific heat at constant pressure
L = length of the combustion chamber
k = complex wavenumber (o> — /a)
k* = complex vortical wavenumber
k — vortical wavenumber
M =Mach number
P - pressure
Re - Reynolds number (pQaL/n)
S = Strouhal number
T = temperature
t = time
HI = velocities
xf = spatial coordinates
a = growth constant
e = perturbation parameter
€jjk = permutation symbol
0 = amplitude of stream function
<i> = finite element trial (interpolation) function
£/ = vorticities
p = density
\l/ = stream function
7 = specific heat ratio
/* = viscosity
F = boundary
Q = domain

Received April 27, 1982; revision received Feb. 25, 1986. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1986.
All rights reserved.

* Professor, Department of Mechanical Engineering.
t Graduate Research Assistant, Department of Mechanical

Engineering.

Subscripts and Superscripts
( )' = acoustic fluctuation
( )* = vortical fluctuation
A = acoustic component of the combined growth constant
H - hydrodynamic (vortical) component of the combined

growth constant
N - normal mode
0 = steady state

I. Introduction

W\VE motions in fluids originate from two sources:
icoustics and hydrodynamics (vortex shedding).

However, acoustic and hydrodynamic wave instabilities have
been studied independently because many physical situations
do not require coupling of the two distinctly different wave
motions. For example, the hydrodynamic instability of water
flowing underneath a sluice gate involves no acoustic wave
motions. On the other hand, the acoustic instability of gases in
the combustion chamber, without vortex shedding, does not
involve hydrodynamic oscillations. Hydrodynamic in-
stabilities are normally analyzed by solving the Orr-
Sommerfeld equation,1 whereas the acoustjc instability is
determined by means of the perturbed acoustic equation.2"6

However, analytical solutions of hydrodynamic instabilities of
other than incompressible parallel flows have not been studied
in detail.

The coupling mechanism of both types of waves, acoustic
and hydrodynamic, which allows them to interact together, is
the subject of this study. Flandro7 suggested that vortex shed-
ding, due to the average flow past an obstruction, may provide
another means of transferring energy to the acoustic field
from the average flow. Culick and Magiawala8 showed that
acoustic modes in a tube may be excited by the average flow
through two annular rings placed a suitable distance apart.
Mason et al.9 and Brown et al.,10 conclude that vortex shed-
ding may excite the fundamental longitudinal mode of the
chamber. Despite these observations, rigorous mathematical
foundations for the coupling of acoustic and vortical (hydro-
dynamic) waves are yet to be established.
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Although it can be argued that the hydrodynamic instabil-
ity may not occur in very high Reynolds numbers, the tur-
bulent shear layer instabilities are found to be affected by
various combinations of Strouhal and Reynolds numbers.
The acoustic field may interact with vortex motions, known
as the "feedback," thus resulting in the vortex generated
sound.11 Simple models, such as hyperbolic tangent velocity
profiles for the shear layer12'13 and temporal or spatial
growth theories,12'15 do not appear to be adequate for the in-
teraction of acoustic and vortical oscillations in a rocket
chamber in which such interaction must be permitted to oc-
cur everywhere in the domain.

In recent studies,16 it has been shown that there is a
possibility of the coexistence of acoustic and vortical fre-
quencies which are, in fact, physically combined. For a given
acoustic frequency, there exist many different vortical fre-
quencies that may be excited. This phenomenon is typical of
the segmented propellants with inhibitors in the Space Shut-
tle booster engine. At certain combinations of acoustic and
vortical frequencies, the coupled acoustic and hydrodynamic
wave oscillations may either cancel each other or amplify
together. This observation is in contrast to the suggestion
that vortex shedding simply leads to excitation of an acoustic
mode. It is recognized that the hydrodynamically unstable
waves exist independently of acoustically unstable waves
and, indeed, they are capable of interacting together and
emerging as a new state or combined stability or instability.

Our goal in this study, then, is to establish mathematical
foundations for the coupling mechanism of acoustic and
hydrodynamic wave oscillations. Toward this end, the total
velocity is assumed to be the sum of the mean flow velocity
and its deviations (oscillations), which consist of acoustic
and vortical components. At any given time and space, these
oscillations must be calculated relative to the mean flow
velocity. In order to demonstrate the basic theory and
strategies involved in this coupling mechanism, however, a
very simple model with semianalytical solutions is first ex-
amined. For example, the Orr-Sommerfeld equation with a
simple parabolic mean flow expression and hyperbolic
tangent velocity profile for the free shear layer14'17 in a
parallel flow is utilized to calculate vortical frequencies or
wavenumbers from which unsteady stream functions and,
finally, vertically coupled acoustic growth constants are
determined. With some insight into the coupling mechanism
by means of this simple model, we then return to full-fledged
governing equations for the multidimensional general
flowfield in which the solution of the Orr-Sommerfeld equa-
tion is no longer valid. Toward this end, we must begin with
the mean flow calculations by solving the Navier-Stokes
system. Then, the natural frequencies and amplitudes of the
acoustic field are calculated from the Helmholtz equation
and vortical oscillaitons determined from the eigenvalue
solution of the disturbance vorticity transport equation.
With these data, growth constants for both acoustic and
hydrodynamic oscillations can be calculated and stability
boundaries constructed. All of the calculations are carried
out using the finite element method.17

II. Vorticity-Coupled Acoustic Instability Integral
The basic governing equations for compressible viscous

flow without particle distributions are represented as
follows.

Continuity:

(1)

Energy:

~3i (pT)~~
, 7-l

Re
- - uuujj - uijUj>i - UijUtj = 0

State:

(3)

(4)

where the commas denote partial derivatives and the
repeated indices imply summing. The following nondimen-
sional quantities are used in the above equations:

T=cp(y-\)f/a2 t = at/L

where the double bars denote dimensional quantities.
Interactions between the acoustic and vortical oscillations

can be introduced by superimposing the acoustic component
upon the vortical component of the perturbed velocity in the
form

(5)

where the bars, primes, and asterisks indicate the mean flow
and acoustic and vortical oscillations, respectively, and e
represents the perturbation parameter. On the other hand,
the pressure and the density are given by

(6)

(7)

(8)

(9)

£/*=€(/*</• (1°)
where eijk is the permutation symbol. In view of Eqs. (1-10),
it can be shown that the nonhomogeneous wave equation
takes the following form:

p=\+epf

And, the vorticity field is given by

(11)

where

Momentum:

Re

27(7-i) a
+ ———————— ——Re dt

-««•<«;+«/)./-«/,•<

-J-<«/ + «/ > ju\

(12)

-!-«„„ )=0 (2) The boundary condition can be obtained from the momen-
tum equation by constructing a dot product with the normal
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vector,

where

(13)

The oscillatory motions in both acoustic and vortical fields
are modeled by

P'=Peikt (15)

u;=u;eikt uf^ufe** (16)

£/* = £>'*' (17)

where k is the complex dimensionless frequency given by

k = u-ia (18)

Here, w is the dimensionless frequency, the imaginary part a
is known as the growth constant, and k* is the complex vor-
tical wavenumber.

Substituting Eqs. (15-18) into the wave equation, we ar-
rive at the nonhomogeneous Helrnholtz equation,

h (19)

and the boundary condition,

The nonhomogeneous terms h and / are given by

(20)

h = ikufPfi + ikyuuP - y [ uu ( uj + uf ) + ( u[tj + u fj ) Uj ] ,;

+ [2iky(y-

- uirj ( u* + Uj' )fi - ujti ( uf + Uj' )ti] (21)

and

/= y { ikui + ufj ( Uj + uf ) 4- ( u'itj + ufj ) Uj

- l/Re[ (uf + u{ )jj + l/3 (uf + uf )Ji] }n{ (22)

Making use of the Green's function integral,18 it can be
shown that

(k2-k2
N)E2

N=\ /?PNdQ+( fP
J fi J r

dT (23)

where the unperturbed mode shape PN and its frequency kN
are determined from the classical acoustic problem,

(24)

and EN is given by

E22
N=\ P2

Nj u

(25)

(26)

At this point, an important remark is in order. A close ex-
amination of Eq. (23) reveals that the domain integral on the
right-hand side of Eq. (23) contains the terms from the
momentum equation that were differentiated once. Thus,
these terms must be integrated once by parts to produce an
acoustic boundary condition. The resulting domain integral
represents the functional space equivalent to the mean flow
characterized by the Navier-Stokes system. This imples that
an additional integration by parts must be carried out such
that the familiar Neumann boundary conditions may be
brought to the surface. The boundary integrals arrived at in
this manner account for the stress and/or the pressure
boundary conditions by means of velocity gradients. Such
Neumann boundary conditions stem from the convective and
viscous terms.

In view of these requirements, the resulting expression
upon integration by parts twice of Eq. (23) takes the form

(k2-k2
N)E2

N = iykN^ *VAv«^r + /A:N(7+l)] r UiPfa

i f ^ ^
Ui ,P^dQ - ikN (2y + 1) I ufNPN, dQfi ' Jo

+ 7jr ltii(uf + u j ) + (uf + u{)Uj}PNtlnjtir

/
2ikNy (y -

Squaring both sides of Eq. (18) and assuming that

for a — Q, we obtain

(27)

(28)

(29)

Since a.2< \2akN\ from the condition set by Eq. (28), it is
now possible to solve for the growth rate a by equating the
imaginary parts between Eqs. (27) and (29),

a=~^[L {y^f(R)PNni+(y^l)uiP2
Nni

-JL [ u, (uf + Uj' )
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: -uuP2
N-(2y+l)uiPNPNti + JQ [-UuPh-W+UufHP^
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D

1

D

(U.PNJJPNti + UjjPNiiPNti + UiPNj

(34)

27(7-1)

G

(30)

G

where the superscripts (R) and (/) refer to the real and the
imaginary parts, respectively.

The normal velocity at the surface can be expressed in
terms of the admittance, A = A(R} + iA(/), and the mean flow
Mach number M such that

iu{ (/) )n,=MAPN/y (31)

whereas the acoustic fluctuation velocity in the domain is
given by

u = (32)

For the purpose of investigating the coupling mechanism
of acoustic and hydrodynamic instabilities, it is convenient
to separate Eq. (30) into two parts,

(33)

where GLA and a// refer to the acoustic growth constant and
the acoustically coupled vortical growth constants, respec-
tively. Then

1 P2dTn

-(7 + l) r*,P&*c

—r\ (UjPNJPNJnj + uf^P^nj )dr
K\J «^r

jr (Av. Aw/"y + -y-^uA »/ dr

- ( [-JL(**
Ja L *,/ ' J

27(7-1)
Re

(35)

The physical implications of the individual contributions
in the stability integral above may be summarized as follows:

A) Surface combustion (acoustic boundary conditions on
burning surface Tb and nozzle surface Tn, which arise di-
rectly from the first term in Eq. (22), and additional acoustic
boundary conditions as a result of the first integration by
parts of the first two terms in Eq. (21) associated with the
mean flow velocity).

B) Surface convection (flow turning or Neumann bound-
ary conditions due to convection).

C) Surface viscous damping (Neumann boundary condi-
tions due to surface traction).

D) Combustion into domain.
E) Convection into domain.
F) Momentum viscous damping in domain.
G) Dissipation energy in domain.
Note that the first term of the boundary integrals,

designated as B in Eq. (34),
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is seen to be identical to the three-dimensional equivalent of
the one-dimensional flow turning term which appeared in
Culick,5 but which did not arise in due course of
mathematical derivations for the three-dimensional case.6 To
reconstruct the present results in terms of the same dimen-
sions and notations as in Ref 6, we set

kN = akN, P = P/P0, u = u/a, a=(yP0/p)l/>

Substituting these relations and Eq. (31) into Eq. (34), col-
lecting the first two terms of A and the flow turning term,
and rewriting in the same form as Eq. (27), we obtain

the characteristic equation (44) takes the form

(36)

It is seen that pu-n is equivalent to Mbb\\ in terms of the
notations used in Ref. 6. Notice that Eq. (36) is the same as
Eq. (4.14) in Ref. 6, neglecting the particle distribution of
the two-phase flow.

To describe the vorticity field, we return to Eq. (Ib). Tak-
ing a curl of this equation, we obtain the vortical diffusion
equation,

- V X ( H X « ) -

Collecting the terms of 0(e),

1

—Ke
(37)

—
dt

w * x £ ) ——— V2£* = 0 (38)
Re

Introducing Eqs. (16) and (17), we obtain

where

subject to the boundary condition

/ /=/V x (ux£* + uf x

(39)

(40)

(41)

To calculate the vortical frequencies k^ and mode shapes
Xr, we return to Eq. (39). Noting that

|*= v xu*

£= V xu

(42)

(43)

we obtain

V 2 ( V X M * ) + £ * ( V X W * ) - V X [ W X ( V X M * )

a / 82\i/* \ <
dt \ dXfdXf ) a.

a / a20*

3 / dun \ a0*
x,- \Cm" a*m / y* a^
\ . i av*
I M .. — —— ________ —

a^y \dXjdXj / J Re dxfiXjdXidXj

Using the exponential Oscillations of $* in the form

we obtain

/£*

(46)

(47)

_
mn dxm

 jk dx

(48)

It is interesting to note that the above equation reduces to
the Orr-Sommerfeld equation for the parallel flow
[1/2 = 0, u = u ( y ) , <}>(x,y)=(j>(y)e*x] in the form

(49)= - ( i /kRe) (<t>"" -2k2ct)"+k4(t>)

where c = c ( / ? )+/c ( / ) , the real part being the phase velocity
and the imaginary part being the measure of amplification of
disturbance (or equivalent to growth constant), and k is the
vortical wavenumber. Note also that the relations c = u*/k
and o>* = —k* are used in Eq. (48) to obtain Eq. (49). From
this development, it is clearly seen that the Orr-Sommerfeld
equation is a special case of the general form of the vortical
instability equation in multidimensions given in Eq. (48).

III. Physical and Computational Models
Simple Model

The mathematics and associated physics presented above
are extremely complex. Anticipating that computations and
results are also equally complicated, it is advisable to
demonstrate a simpler model (Fig. la) in order to illustrate
the key feature. Toward this end, we choose to retain only
those terms essential to the coupling mechanism of the
acoustic and vortical oscillations. Thus, we modify Eqs. (21)
and (22) as

h = —y(Uijuf(/) + uf;(/) U:) i (50)

+ (i/kNy)VPNX ( V X « ) + w * X ( V xu)] =0 (44)

in which only the mean flow and vortical component of
velocity, which are to be combined with the Helmholtz equa-
tion, are retained. This assumption is logical, since the effect
of viscosity may be neglected and the absence of the first two
terms and the acoustic component of the velocity in Eqs.
(21) and (22) will not invalidate the coupling mechanism
embedded in Eq. (33). This simplification allows Eq. (35) to
be written as

in which PN and u are now known quantities. For two-
dimensional flow without acoustics in which the vorticity in
the xrx2 plane can be defined as

£ * < / > + - dP
dy dx / dx

in which a parabolic mean flow is assumed (Fig. la),

- dydx (52)

(53)
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Assuming that

and

the growth constant a in Eq. (52) takes the form

(54)

(55)

)cos(k-kN)L

r 1
+ (k-kN)cos(k + kN)L-\] y<i>w (y)dyj — i

+ [ ( k + kN)sin(k-kN)L

- (k-kN)sin(k + kN)L] j ̂  y<j>w (y)dyl

where
C L

E2
N= I cos2kNxdx

J — h

(56)

(57)

quently, the growth constants vs Reynolds numbers or
Strouhal numbers can be obtained from Eq. (56).

Complex Model
The simple model given in the previous section [Eq. (56)]

is useful in demonstrating the basic idea of coupling the
acoustic and vortical oscillations to calculate the combined
growth constants. The approximations imposed in Eqs.
(50-59) and Fig. la are, however, too restrictive in view of
real-world situations such as those found in rocket motor
combustion chambers. To relax the restrictions, the fully
nonhomogeneous Helmholtz equation (21) is restored, along
with the expressions for the growth constants OLA [Eq. (34)]
and GLH [Eq. (35)]. Arbitrary geometries, such as the
stepped cylinder shown in Fig. Ib, require the mean flow
calculation to be performed numerically.

The unstable vortical oscillations are calculated from the
general vortical disturbance equation (48) with a numerically
computed mean flowfield. For the purpose of comparison,
we shall demonstrate the use of the Orr-Sommerfeld equa-
tion within the free shear layer behind the separation point,
using the analytically assumed mean velocity distribution.
With the Orr-Sommerfeld equation, the thickness of the free
shear layer is expressed as a function of the diameter and
Reynolds number,15

To obtain real and imaginary parts of stream functions,
<t>(R) (y) and </> ( / ) 0>)» we invoke the Orr-Sommerfeld equa-
tion (49) subject to the boundary condition,

< / > ( ± l ) = < / > ' ( ± l ) = 0 (58)

The solution of this equation is combined with Eq. (55) and
substituted into

(59a)

or
t(x,y,t)=y-l/3y3+e(<l>(R)(y)cos[k(x-ct)

- < t > ( » ( y ) s m [ k ( x - c t ) ] } (59b)

This will allow prediction of various modes of streamlines
indicating stable and unstable vortex oscillations. Subse-

a) Simple model (two-dimensional): 5=1.0, //=4.0, Z, = 10.0,
mean velocity u = l-y2, vortical component of velocity u*
calculated from Orr-Sommerfeld equation.

b) Complex model (cylindrical): /? = 1.0, //=0.5, Z, = 8.0, 5 = 2.0.
Case 1: uf calculated from Orr-Sommerfeld equation for the region
of flow separation at the step and subsequent free shear layers with
the hyperbolic tangent mean flow velocity (shear layer as determined
by $0 =f(RjRe)). Case 2:-uf calculated from general vortical distur-
bance equation (48) using finite elements.

Fig. 1 Various computational models.

(60)

where R is the characteristic dimension of the chamber.
Furthermore, the boundary condition for the Orr-
Sommerfeld equation (49) is

</>( ±oo) =(/>'( ±00) =o (61)

and the freestream mean velocity in the free shear layer is
given by the hyperbolic tangent velocity profile,12'15

u= ^ ( l+tanhy) (62)

This approximation is deliberately chosen for two reasons.
First of all, this approach has been accepted for most of the
vortical instability problems with favorable correlations with
experimental data.15 Second, it is felt that an analytical
simulation such as Eq. (62) is convenient to demonstrate the
essential theory leading to the expression for the acoustically
coupled vortical instability growth constant [Eq. (35)].
There are two approaches to the vortical mode analysis by
the Orr-Sommerfeld equation, i.e., temporal and spatial
growth concepts of disturbance. The limitations of these ap-
proaches in the acoustic-vortical coupling will be discussed in
Sec. IV. On the other hand, the rigorous approach is clearly
the solution of the general vortical disturbance equation (48).
In this case, there are no limitations on the thickness of the
free shear layer and the no-slip boundary conditions at the
solid surface can be used. The merits of this model are as
follows: 1) the unstable vortical oscillations are based on the
practical mean velocity fields that depend on the actual
geometry and Reynolds number, 2) there are no limitations
as to the establishment of vertically unstable regions, and
3) the vortical modes can be obtained as they appear in the
finite dimensions.

Thus, in the proposed model, the Navier-Stokes mean
flow calculations [Eqs. (1-4)], acoustic eigenvalue analysis
[Eqs. (24) and (25)], and vortical mode analysis [Eqs. (48)
and (49)] are performed for the entire domain (Fig. Ib).
These results are then entered in Eqs. (34) and (35) to com-
pute the acoustic and vortical instability growth constants
for various combinations of acoustic and vortical frequen-
cies. Vortical frequencies are converted to Strouhal numbers
to display the results for various Reynolds numbers.
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a) f = 0.0. b) f =

c) f= 100.0. d) t= 150.0.

Fig. 2 Simple model streamline distributions in stable vortical modes [the negative imaginary part of eigenvalue solutions in Orr-Sommerfeld
equation defines stable motion, streamlines calculated from Eq. (59)], /?e=105, £ = 1.0, 24 Hermite polynomial linear finite elements, flow
tends to be laminar as t-~<x>.

b) * = 50.0.

X-RXIS
c) f= 100.0.

X-flXIS

d) t= 150.0.

Fig. 3 Simple model streamline distributions in unstable vortical modes [the positive imaginary part of eigenvalue solutions in Orr-
Sommerfeld equation defines unstable motion, streamlines calculated from Eq. (59)], /fe = 104, A = 1.0, 24 Hermite polynomial linear finite
elements, flow tends to be turbulent and numerical breakdown occurs as t^oo.

Finite Element Analysis
All numerical analyses are performed using the finite ele-

ment method. The differential equations and their finite ele-
ment analogs are as follows.

Simple Model
The Orr-Sommerfeld equation (49) is converted into the

finite element analog by constructing the Galerkin integral
and integrating by parts twice in order to bring the fourth-
order differential equation into a weak form. The resulting
weak form contains second-order derivatives that would re-
quire at least second-degree polynomials as trial and test
functions. The Hermit polynomial $a is ideal for this situa-
tion and the resulting finite element eigenvalue problem
takes the form,

(63)

where

aRe dy (64)

(65)

Here, the prime denotes the derivative with respect to the y
direction and the mean flow velocity u is given by Eq. (53).
For a given vortical wavenumber k, we calculate the speed of
propagation c (indicative of frequency and the Strouhal
number) from Eq. (63), and the corresponding unstable vor-
tical component of stream function amplitudes by means of
Eq. (59). Finally, using the analytical form of acoustic fre-
quencies and amplitudes [Eq. (54)], the acoustically coupled
vortical instability growth constants are calculated from Eq.
(56) with the finite element analog cast in the form

p i «
a= F(y)dy= 2^

J - 1 ;_ i
(66)

which represents the one-dimensional Gaussian quadrature
integration.

Complex Model
In this model, we first solve the Navier-Stokes system to

obtain the mean flowfield of the entire domain (Fig. Ib). For
simplicity, in the present paper, unsteady, isothermal, in-
compressible flow is assumed. Combining the continuity
with the momentum equation, the finite element analog
takes the form,

(67)
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LE8END
• - VORTICflL B.C.
• -flCOUSTIC-VORTICflL C.T.

LEGEND
- VORTICflL C.C.
- flCOUSTIC-VORTICflL G.T.

""1

STROUHflL NUMBERS

a) Re=W4.

STROUHflL NUMBERS

b)

LE6ENO
• - VORTICflL 8.C.
• -flCOUSTIC-VORTICflL B.I.

..
V v

LEGEND
• - VORTICflL C.C.
• -flCOUSTIC-VORTICflL 6.T.

STROUHflL NUMBERS

c)
STROUHflL NUMBERS

d)

Fig. 4 Growth constants vs Strouhal numbers in simple model, £=1.0, first acoustic mode. Vortical growth constants calculated from the im-
aginary parts of the eigenvalues of Orr-Sommerfeld equation, acoustic-vortical growth constants calculated from the semianalytic form [Eq.
(56)], pronounced amplification of growth constants at low Strouhal number and high Reynolds number when vortical disturbances are coupled
with acoustic disturbances.

where

(68a)

(68b)

(68c)

(68d)

The trial and test functions <i>a are chosen as four-sided
linear isoparametric elements. Although various solution
strategies are available to solve Eq. (67), we employ
linearization and sequential corrections in the present paper.
The calculated velocities are designated as ui9 as shown in
Eqs. (34) and (35).

The next step is to calculate the frequency and amplitude
of the vortical component of the velocity u*, which can be
calculated from either the Orr-Sommerfeld or the general
vortical disturbance equation. In the Orr-Sommerfeld equa-
tion, the shear layer thickness <50 is taken as ///3, with the
total positive and negative dimension being 2H/3 for com-
putational purposes. In the case of temporal growth of the
disturbance, the finite element equation is represented by the
same form as Eqs. (63-65). In the case of spatial growth of
the disturbance and because of nonlinearity in the eigenvalue
analysis, the fourth-order Runge-Kutta method is used for
the inviscid case with the same procedure followed by
Michalke14 for comparison and verification.

In the general vortical disturbance equation, the finite ele-
ment equation has the form

where

Ha& = ~ L \*«e™"».'«i

(69)

d!2

(70)

where, $a is chosen as the Hermite polynomial bicubic rec-
tangular elements. As a result of this step, we then compute
u* from

uf = ̂ j (71)

In addition to these data, we require the eigenvalue
analysis of the entire domain to determine natural frequen-
cies kN and corresponding pressure amplitudes PN from Eqs.
(24) and (25). This leads to the finite element analog,

1C — k A 1=0 (72)

where the complex dimensionless frequency given by Eq. (18)
and Aap and Ca/3 are shown in Eq. (68a) and Eq. (68c),
respectively.

With these data, uh u*, kN, and PN are now available, we
compute from Eqs. (34) and (35) the acoustic instability
growth constants aA and the acoustically coupled vortical in-
stability growth constants OLH, respectively.
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a) Stability boundary in simple model: solutions of Orr-
Sommerfeld equation with parabolic mean velocity profile, 24 Her-
mite polynomial finite elements.
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0,0
10q 10b 105
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b) Ratio of the number of unstable vortical modes to the total
number of vortical modes in simple model: solutions of general vor-
tical disturbance equation with parabolic mean velocity profile, 16
Hermite polynomial bicubic rectangular finite elements.

Fig. 5 Comparisons of the solutions of Orr-Sommerfeld equation
and general vortical disturbance equation. The qualitative trends of
instability with respect to the Reynolds number are the same in both
cases, as seen by the variation of Fig. 5b coinciding with the
wavenumber gap of unstable region in Fig. 5a.

IV. Discussion
Simple Model

As described in Sec. Ill, our objective here is to calculate
in a two-dimensional geometry the disturbed vortical compo-
nent of the stream function amplitudes and, subsequently,
the acoustically coupled vortical growth constants. The
disturbed stream functions prevail in either stable or unstable
vortical modes as shown, respectively, in Figs. 2 and 3.
Notice that the disturbed streamlines in stable vortical modes
(a<0) indicate large vortices formed near the wall that
gradually diminish as time elapses. However, in the case of
unstable vortical modes (a>0), the vortices near the wall
spread over the entire domain, moving toward turbulence.
Figure 4 shows the growth constants vs Strouhal numbers,
with the pronounced amplification of growth constants when
vortical disturbances as coupled with acoustic disturbances.

It follows from these observations that the presence of
acoustic oscillations in the vertically unstable field give rise
to either damping or amplification for the vortical oscilla-
tions as a function of Strouhal and Reynolds numbers. It is
further seen that it is inconsistent to merely compute the
acoustic energy converted from vortical oscillations and at-
tempt to determine acoustic instability independently.
Rather, various vortical and acoustic frequencies coexist and
they are coupled into either damping or amplification pro-
cesses as an integrated system from which the combined
stability or instability emerges. Thus, we ask: at what com-
binations of acoustic and vortical frequencies, which are ex-
cited, will this coupling action tend to amplification? The
answer to this question in the real geometry and practical ap-
plications is our ultimate goal.

Fig. 6 Finite element meshes in complex model, 832 nodes, 762
bilinear finite elements. Boundary conditions for mean velocity are
along AB, u= -0.01 (side burning), w = 0.0 (end burning), v = 0.0;
along BC, w = 0.0, v = 0.0; along CD, w = 0.0, v = 0.0; along DE,
aw/a* = 0.0, v = 0.0; along EF, dw/3y = 0.0, v = 0.0; along FA,
w = 0.0 (side burning), u = l-y2 (end burning), v = 0.0.

In Fig. 5a, the results of the Orr-Sommerfeld equation are
used to construct the classical stability boundaries. It is in-
teresting to note that solution of the general vortical distur-
bance equation (48), plotted for the ratio of the unstable
modes to the total number of modes vs Reynolds numbers
(Fig. 5b), shows a qualitative resemblence to the Orr-
Sommerfeld stability boundaries. This is seen by the fact that
the ordinate of the curve in Fig. 5b corresponds to the or-
dinate of the unstable region of Fig. 5a.

Complex Model
The finite element calculation of Eqs. (34) and (35) is the

highlight of this model. However, we must first determine
the mean flow and acoustic and vortical modes as described
in Sec. III. Figure 6 shows the finite element meshes and
boundary conditions for the mean velocity computation.
Figures 7-10 show the vector representation of the mean
velocity field and streamlines for /te=103, 104, and 105,
with the end and side burning propellants in the stepped
cylindrical combustion chamber. Note that, for the side burn-
ing motor, a secondary flow occurs in the case of a high
Reynolds number (Re=lQ5), as one would expect. See Fig.
10. The results indicate formation of vortex fields due to
separation of flow at the corner of the step.

The natural acoustic modes, as a result of finite element
solutions of Eqs. (24) and (25), are shown in Fig. 11 for
selected acoustic frequencies. Notice that irregular
geometries (step cylinder) give rise to irregular low-frequency
longitudinal modes. Furthermore, it is seen that radial modes
begin to emerge with an increase of frequency.

Figure 12 shows the temporal growth streamline distribu-
tions in unstable vortical modes as identified by the positive
imaginary part of eigenvalue solutions using the Orr-
Sommerfeld equation and the stream function equation (59),
with Re=W4 and k=\. It is seen that unstable vortices
spread along entire free shear layers as time elapses. In con-
trast, the spatial growth streamline distributions are shown
in Fig. 13, indicating that the streamlines tend to be unstable
toward downstream, being critical in the Strouhal number
range of 0.2-0.25, as verified by Michalke.14 These calcula-
tions have been carried out to gain insight into the free shear
layer behavior as hypothesized in Refs. 12-15. Obvious
limitations, however, are: 1) actual geometries in practice
cannot be represented; 2) the hyperbolic tangent velocity
profile may not be valid in practical geometries; 3) the vor-
tical mode in the longitudinal direction should not be con-
stant, as assumed in the temporal growth theory; and 4) the
vortical disturbances should not grow indefinitely toward
downstream. Furthermore, the so-called broadband
amplification effect of inviscid vortex shedding12'15'20 over
the Strouhal number range S = 0-0.5, with 5=0.2 being the
peak, will be severely distorted when the vortical field in-
teracts with an established acoustic field. It would be quite
logical to assert that, in the presence of complicated mean
flows and wall effects as well as the acoustic field, stability is
governed by many variables. For example, let us examine the
calculations by means of finite element Navier-Stokes solu-
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Fig. 7 Mean velocity distribution in end burning motor: solutions
of Navier-Stokes equations using 767 bilinear finite elements.
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Fig. 9 Mean velocity distribution in side burning motor: solutions
of Navier-Stokes equations using 767 bilinear finite elements.

a)

b)

c) Re = 105.

Fig. 8 Streamlines of mean velocity field in end burning motor
corresponding to Fig. 7: solutions of Navier-Stokes equations using
767 bilinear finite elements (recirculating region grows with an in-
crease in Reynolds number).

tions with the vortical component of velocity from the Orr-
Sommerfeld equation leading to the growth constants vs
Strouhal numbers, as plotted in Figs. 14 and 15. Here, we
note that there is a strong dependency of the growth con-
stants upon the Reynolds numbers and the acoustic frequen-
cies. Thus, the classical broadband amplification effect does
not govern the acoustically coupled vortical stability. From
Fig. 14 (wN = 38 Hz, first acoustic mode, £=1), it follows
that there are pronounced acoustic-vortical coupling effects
in the region of 0.4<S<0.6, being more unstable at higher
Reynolds numbers. For coN = 256 Hz (fourth acoustic mode),
&= 1, as shown in Fig. 15; such a trend, however, is less evi-
dent at high Reynolds numbers as compared with the case of
the lower acoustic frequency shown in Fig. 14.

We are now prepared to discuss the main topic of this
paper—calculation of growth constants by means of the
general vortical disturbance equation (49) as well as the mean
flow calculation with Navier-Stokes equations. The growth

b)

c) Re=W5.

Fig. 10 Streamlines of mean velocity field in side burning motor
corresponding to Fig. 9: solutions of Navier-Stokes equations using
767 bilinear finite elements (recirculating region grows with an in-
crease in Reynolds number; recirculating regions are larger than the
end burning motor at same Reynolds numbers; secondary recir-
culating region is found at Re = W5, expected to affect instability).

constants, as calculated from Eqs. (34) and (35), are
displayed in Table 1 for Re=lQ4 and for selected acoustic
frequencies and Strouhal numbers, with individual terms
A-G as identified in Eqs. (34) and (35). As expected, the sur-
face combustion term A contributes to the gain of acoustic
energy. For Re= 104, the effect of surface viscous damping
C, momentum viscous damping F, and dissipative energy G
is negligible, although it tends to play significant roles for
low Reynolds number flows. The surface convection term B,
often known as "flow turning,"6 results in amplification of
acoustic energy. The flow turning effects are also evident in
the energy D and momentum E convection in the domain
terms that are not considered in the existing combustion
stability code.21 These terms contribute to not only the loss,
but also the gain of acoustic energy, that depend upon the
mean velocity (or mean vorticity) distributions and acoustic
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a) First acoustic mode (UN = 38 Hz). b) Second acoutic mode (uN = 92 Hz).

c) Third acoustic mode (wyy = 187 Hz). d) Fourth acoustic mode (w^y = 256 Hz).
Fig. 11 Natural acoustic modes in complex model: solutions of homogeneous Helmholtz equation (24) using 40 bilinear finite elements.
Longitudinal modes are pronounced at low natural acoustic frequencies with radial modes activated at high natural acoustic frequency and mode
shapes tend to be unsymmetric due to irregular geometry.

a) f = 0.0. b) f = 50.0.

c) f= 100.0. d) t= 150.0.
Fig. 12 Complex model temporal growth streamline distributions in unstable vortical modes [the positive imaginary part of eigenvalue solu-
tions in Orr-Sommerfeld equation defines unstable motions, streamlines calculated from Eq. (59) with hyperbolic tangent velocity profile],
/te = 104, A: = 1.0, 48 Hermite polynomial linear finite elements.

b) 5=0.25.

c) 5 = 0.35.
Fig. 13 Complex model spatial growth streamline distributions in
unstable vortical modes [the negative imaginary part of eigenvalue
solutions in Orr-Sommerfeld equation defines unstable motions,
streamlines calculated from Eq. (59) with spatial growth and hyper-
bolic tangent velocity profile], inviscid case, fourth-order Runge-
Kutta method after Michalke.22

mode shapes. Therefore, the mean flow/acoustic interaction
can be considered by the sum of surface convection term B,
energy convection in domain term D, and momentum con-
vection in domain term E.

To evaluate the trends of coupled acoustic and vortical in-
stability phenomena in comparison with semianalytical or
simplified processes displayed in Figs. 2-4, 12, and 13, we
present the plots of growth constants vs Strouhal numbers
and the corresponding stability boundaries in Figs. 16-19.
Once again, the first (coN = 38 Hz) and fourth (ojN = 256 Hz)
acoustic modes will be considered. A glance at Fig. 16 in-
dicates that the vortical growth constants remain close to
zero for the first acoustic mode, whereas more irregular
variations are evident for the fourth mode (Fig. 17) in com-
parison to the case of the temporal growth theory. This
trend is a clear indication of the vortical disturbance con-
tribution as determined from the general vortical disturbance
equation (48) rather than from either the simplified Orr-
Sommerfeld or the inviscid Rayleigh equation. The cor-
responding stability boundaries, as presented in Figs. 18 and
19, demonstrate the most interesting aspect of the coupling
mechanism of acoustic and vortical wave oscillations, in con-
trast to the classical vortical stability boundary of the Orr-
Sommerfeld equation (Fig. 5a). It is seen that, for a given
acoustic frequency, there exist multiple islands of stability
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Fig. 14 Growth constants vs Strouhal numbers in the complex
model: temporal growth in Orr-Sommerfeld equation, A = 1.0, first
acoustic mode (COA =38 Hz), pronounced acoustic-vortical coupling
effects in the region of 5 = 0.4 — 0.6, more unstable at high Reynolds
number than at low Reynolds number.

STROUHflL NUMBERS

c) Re=W5.
Fig. 15 Growth constants vs Strouhal numbers in the complex
model: temporal growth in Orr-Sommerfeld equation, £=1.0,
fourth acoustic mode (coyv = 256 Hz), pronounced acoustic-vortical
coupling effects in the region of 5=0.4-0.6, more unstable at high
Reynolds number than at low Reynolds number. This trend is less
pronounced at high Reynolds number compared with the case of
first acoustic mode.

Table 1 Growth constants for complex model, /?e=104, with general vortical disturbance equation

Acoustic
frequency,

Hz

TO
JO

256

Strouhal
no.

0.45

1.22

0.45

1.22

Surface
a, combustion,
s'1 A

aA 26.306
a// —
ctA 26.306
<*// —

<XA 0.156
Q, ____

c^ 0.156
<*H ____ —

Surface
convection,

B

10.141
0.0

10.141
0.0

0.002
0.0
0.002
0.0

Surface
viscous

damping,
C

b.o
0.0
0.0
0.0

0.0
0.0
0.0
0.0

Energy
convection
in domain,

D

-1.589
—

-1.589
—

18.460
_

18.460

Momentum
convection
in domain,

E

-3.961
-0.815
-3.961

0.589

-2.859
- 10.642
-2.859

7.430

Momentum
viscous

damping,
F

0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0

Dissipative
energy,

G

—
0.0
—
0.0

_
0.0

0.0

Sum

30.897
0.366

30.897
0.589

15.759
- 10.642

15.759
7.430

aT

30448'
30.308

5.117

23.189
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c) Re=W5.

Fig. 16 Growth constants vs Strouhal numbers in the complex
model: vortical modes calculated from general vortical disturbance
equation with mean velocity analyzed using finite elements, first
acoustic mode (coyv = 38 Hz), vortical growth constants remain close
to zero for the first acoustic mode; no simplifying assumptions im-
posed in this analysis.

STROUHflL NUMBERS

c) Re=lQ5.

Fig. 17 Growth constants vs Strouhal numbers in complex model:
vortical modes calculated from general vortical disturbance equation
with mean velocity analyzed using finite elements, fourth acoustic
mode (ooyy = 256 Hz). More irregular variations are evident in com-
parison with the case of temporal growth approximations (Fig. 15).

1,0

0,5
eac.3o

CO

0,0
102 10 104 105

Reynolds Numbers (Re)
10°

Fig. 18 Stability boundary curves for vertically coupled acoustic growth constants
(a//) in complex model, inside multiple islands unstable, vortical modes calculated
from the temporal growth theory of Orr-Sommerfeld equation, £=1.0, fourth
acoustic mode (coyv = 256 Hz), corresponding to Fig. 15, multiple islands of stability
boundaries with numerous bay areas, unstable areas with Reynolds number larger
than approximately 103; dotted areas indicate unstable regions.
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Fig. 19 Stability boundary curves for vorticity coupled acoustic
growth constants (a//) in complex model, inside multiple islands
unstable, vortical modes calculated from general vortical disturbance
equation with mean velocity analyzed using finite elements, fourth
acoustic mode (coyv = 256 Hz) corresponding to Fig. 17, multiple
islands of stability boundaries with numerous bay areas, critical
Reynolds number appears to be approximately 10, unstable regions
occurring at low Strouhal number are associated with low Reynolds
number, this trend continues toward larger Strouhal and Reynolds
numbers; dotted areas indicate unstable regions.

3) The mathematical formulation permits the calculation
of growth constants as a sum of acoustic and hydrodynamic
contributions. Acoustic frequencies and the mean flow affect
both acoustic and hydrodynamic growth constants.

4) Convection terms in the Navier-Stokes equation lead to
the most dominant contributions for instability in both the
surface and domain integrals, which are absent in the ex-
isting stability codes. These terms are found to be critical
when rigorous mean flow calculations using finite elements
are implemented.

5) For a given acoustic frequency, plots of hydrodynamic
growth constants vs vortical frequencies for various
Reynolds numbers make it possible to construct stability
boundaries. Unlike the stability boundaries of the Orr-
Sommerfeld type, which are restricted to parallel flow for
transition to turbulence, there exist multiple boundary
islands with stable regions in between or interior to the
unstable islands, indicating that the coupling mechanism of
acoustic and hydrodynamic wave oscillations leads to both
amplification and damping throughout all combinations of
acoustic and hydrodynamic frequencies.

6) Various semianalytical approaches, such as spatial and
temporal growth theories for free shear layers, have been in-
vestigated in comparison with the present theory. The inade-
quacy of these simplified theories for use in coupled acoustic
and vortical oscillations has been proved.

7) For finite amplitude oscillations with steep-fronted
waves, higher-order perturbations would be required to han-
dle the nonlinearity, the subject of future study.

boundaries. As a consequence of the interaction of two
distinctly different frequencies, acoustic and vortical, the by-
product suggests either damping or amplification. They may
cancel each other (damping in this case) or help each other to
move toward a more unstable position (amplification). The
possiblity of damping is indicated by the presence of
numerous bay areas. The inapplicability of the broadband
amplification effect of free shear layers is demonstrated
again in this process of interaction between the acoustic and
vortical oscillations. Instability spreads over large ranges of
Strouhal and Reynolds numbers. The critical Reynolds
numbers for the first and fourth acoustic modes appear to be
5000 and 10, respectively.

Discussions carried out so far are limited to a linear stabil-
ity. For nonlinear waves such as steep-fronted waves,19

higher-order perturbation analyses are required. This is a
subject for future research.

V. Conclusions
In the course of examining the coupling mechanism of

acoustic and vortical wave oscillations, a number of in-
teresting features involved in the analysis of unstable mo-
tions of a rocket motor combustion chamber have been
brought to light, as follows:

1) The direct superposition of acoustic and vortical com-
ponents of velocity leads to a physical coupling of two
distinctly different wave oscillations in the manner of three-
dimensional linear stability.

2) The coupling of both acoustic and hydrodynamic (vor-
tical) components results in an infinite number of combina-
tions of acoustic and vortical frequencies with which various
acoustic and hydrodynamic modes are activated. It is shown
that the dominance of each contribution or the influence of
one upon the other depends on geometries and boundary
conditions of the domain of study.
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